Using the Painlevé-Bäcklund transformation and a multilinear variable separationapproach, an exact variable separation excitation of the generalthree-dimensional Korteweg de Vries system is derived first. Based on the derived excitation, a new type of solitary wave, i.e., a semifolded localized coherent structure, is constructed.
Localized excitations of ð2 þ 1Þ-dimensional soliton systems have proved to be of considerable interest. For instance, a discovery via the Bäcklund transformation by Boiti et al. 1) of dromion type coherent solutions of the Daver-Stewartson I system provided renewed interest in three-dimensional soliton systems. In a recent decade study on higher dimensional physical models, the main effort has been focused on single valued localized excitations, although there are some reports on multiple valued solitary waves (folded in all directions). [2] [3] [4] However, our nature is colorful and may exhibit quite complicated structures such as semifolded ones. For example, some localized structures such as ocean waves may fold in one direction, say x, and localize in a usual single valued way in another direction, say y. In order to clarify the above viewpoint, we consider a general three-dimensional Korteweg de Vries (GKdV) 5, 6) system as a concrete example. Its general form is usually written as
where a and b are arbitrary constants. Many researchers have investigated some interesting properties of eq. (1). For instance, the GKdV system has been proved to be integrable by Calogero, 7) and the Painlevé property test for the equation has been proved to be completely integrable by Clarkson et al. 5, 6) only when a ¼ 2b. Some variable separation solutions for the special model for a ¼ b have also been obtained by Lou and coworkers, 8, 9) and another KdV-type (breaking soliton system) system has been investigated by Zheng et al. 10) recently. However, to the best of our knowledge, the multilinear variable separation excitations for the GKdV model, particularly the semifolded localized excitations in higher dimensional models, were not reported in previous literature. Meanwhile, how to find new localized excitations is one of the most fundamental and significant studies in nonlinear and theoretical physics.
Since the variable separation solutions to the case a ¼ b have been discussed by Lou and coworkers, 8) we would investigate another case (a ¼ 2b) for eq. (1). For simplicity, we introduce a transformation v ¼ @
À1
x u y and change the GKdV system into a set of two coupled nonlinear partial differential equations:
As is well known, to search for the solitary wave solutions to a nonlinear physical model, we can apply different approaches. One of the most efficient methods of finding soliton excitations of a physical model is the multilinear variable separation approach, which was recently presented and successfully applied in some three-dimensional models. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] Now we extend the use of the multilinear variable separation approach to the GKdV system. First, we consider the following Painlevé-Bäcklund transformation for u and v in eqs. (2) and (3)
which can be derived from the standard Painlevé truncated expansion, and u 2 and v 2 are arbitrary seed solutions of the GKdV system. If u 2 ¼ 0 and v 2 ¼ G 0 ðy; tÞ, then we can obtain a result similar to that in ref. 8 , which we would not discuss further. In order to find some new excitations in this study, we choose the seed solutions u 2 and v 2 to be
where F 0 ðxÞ is an arbitrary function of the indicated argument. Substituting eq. (4) with eq. (5) into eq. (2) yields a trilinear equation of f , while eq. (3) is satisfied identically under the above transformation, which reads
After obtaining the trilinear equation of the original system, we often select an appropriate variable separation hypothesis for the function f . For many integrable physical models, the function f can be chosen to be a modified Horita's multisoliton form. 24, 25) In this special case, we consider f a slightly modified form f ¼ a 0 þ a 1 FðxÞ þ a 2 Gðy; tÞ þ a 3 FðxÞGðy; tÞ; ð7Þ where the variable separation functions FðxÞ F and Gðy; tÞ G are only the functions of fxg and fy; tg, respectively, and a 0 , a 1 , a 2 and a 3 are arbitrary constants. Inserting the ansatz (7) into eq. (6) and finishing some tedious calculations, we finally obtain the following two variable separation equations:
where c is an arbitrary constant. It is easy to obtain general solutions of eqs. (8) and (9). Since F 0 ðxÞ is an arbitrary seed solution, we can view F as an arbitrary function of fxg, then the seed solution F 0 is fixed by eq. (8),
As to eq. (9), its general solution has the form
where Gðy þ ctÞ is an arbitrary function of fy þ ctg. Finally, substituting eq. (7) with eqs. (10) and (5) into eq. (4), we obtain a general excitation of the GKdV system
with two arbitrary functions FðxÞ and Gðy þ ctÞ.
As the arbitrariness of the functions FðxÞ and Gðy þ ctÞ is included in eqs. (12) and (13), the fields u and v obviously possess abundant travelling wave solutions. Moreover, the field v may possess quite rich structures such as multisoliton solutions, multidromion and dromion lattice solutions, multiple ring soliton solutions, breathers, instantons, oscillating soliton excitations, peakons, compactons and foldon solutions, and previously revealed chaotic and fractal localized solutions [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] by selecting the functions FðxÞ and Gðy þ ctÞ appropriately. For instance, a dromion solution which is localized in all directions can be driven by multiple straight-line and straight-line ghost solitons when the simple selections of the functions F and G are considered to be, 14) F
where K i , k i , x 0i and y 0i are arbitrary constants and M and N are positive integers, then we can obtain a special multidromion solution for field v. Meanwhile, when functions FðxÞ and Gðy þ ctÞ are considered to be some piecewise smooth functions, then we can derive some multipeakon excitations for field v. For example, 20 ) 
with A AEi and B AEi being constants and/or even infinity. Now we discuss some new coherent structures for field v, and focus our attention on some three-dimensional semifolded localized structures which may exist in certain situations: when the function Gðy þ ctÞ is chosen to be an appropriate single valued function and FðxÞ is selected to be a multivalued function via the relations, 26 )
where M is an arbitrary integer and ff j ; X j g are localized excitations with properties f j ðAE1Þ ¼ 0, X j ðAE1Þ ¼ consts.
From eq. (19), one knows that may be a multivalued function in some suitable regions of x by selecting the function X j appropriately. Therefore, the function F x may be a multivalued function of x in these regions, although it is a single valued function of . For example, when then we can obtain a new type of semifolded localized excitation for the physical quantity v. Two interesting semifolded localized structures are depicted in Fig. 1 . From  Fig. 1 , one can find that the two semifolded localized structures possess novel properties, which fold in the x direction, and localize in a single valued way in the y direction.
With the help of the Painlevé-Bäcklund transformation and by using the multilinear variable separation approach, the three-dimensional GKdV system is successfully solved. A general expression of excitation which includes two arbitrary variable separation functions for the three-dimen- sional GKdV system is derived. Based on the general variable separation excitations, various types of localized coherent soliton structures such as multidromion, multiring, and multilump solutions, breathers, instantons, peakons, foldons, and chaotic and fractal soliton solutions can be constructed by selecting appropriate arbitrary functions. Furthermore, a new type of semifolded localized structure is obtained. In our knowledge, the semifolded localized coherent structures for the three-dimensional GKdV system were not reported in previous literature. Due to the wide applications of the soliton theory, to learn more about the semifolded localized excitations and their applications in reality is worthy of further study.
